Definition 2. 2. An x-augmcntcd valuation 1V of a valuation V of K [.z:] is called a continuous x-augmcnted valuation of V if there is no valu-
Hiroshi INOUE
In his paper "A construction for absolute values in polynomial rings", "Trans. Amer. Math. Soc. Vol. 40 (1936)", MacLane developed a valuation theory for a polynomial ring of one variable determining every possible valuation in the ring whose coefficient field has a discrete valuation. In the present paper the writer wants to extend MacLane's theory to polynomial rings of two variables and also to those of many variables.
We shall refer the above MacLane's paper to as M. For example, M. Theorem 8. 1 means Theorem 8. 1 in the MacLane's paper. While the present paper is concerned with polynomial rings of many variables, we shall start for completeness with considerations on valuations of a polynomial ring of one variable. § 1.
Valuations of K(x)
Let K be a field. Suppose K has a discrete non-archimedean valuation V00, namely, V00 is a real valued function of K satisfying the following conditions;
If aEK and a="i=O, then Vooa"i= ± oo and V,10 0 = oo, V00 ab = Vooa + V00 b, Voo(a+b) ;=;; Min [V00 a, V 00 b].
These are called the three conditions of a valuation.
In particular, if V00 a> V0ob, then V 00 (a+b) must equal Vo0 b. We shall sometimes call this inequality the triangle law.
All real numbers which are the values taken by V00 in K form an isolated point set T 00 and is a cyclic additive group. Therefore in this paper we may assume that 1'00 is a set of all rational integers.
If a non-zero integral multiple of a real number p belongs to I'00 , then p is said to be commensurable with T 00 , and if otherwise p is called incommensurable.
Let R be an integral domain and W a valuation of R. Let a and b be two elements of R. We shall say that a and b are equivalent in W (notation: a,_,b) if W(a-b)> Wa= Wb, while b is equivalence divisible by a (notation: a/b in W) if there exists an element c in R such that ac,_,b in W. Generally when a valuation U1 of K[x] is given, a polynomial <p2(x) in K[x] is called an x-key polynomial over U1 , if it satisfies the following three conditions;
( 1) if <fa2(x) lf(x)g(x) in U1 , then <fa2(x)/f (x) The :r-key polynomials <pi(x) corresponding to this series must satisfy the following two conditions besides the above mentioned three conditions (1), (2) and (3);
( 4) deg,<p.(x)~degx<fain (x), ( 5 ) <pi (x) and <p.; 1 1 (x) are not equivalent in U;,, both for i = 1, 2, · · ·. (M. Definition 6. 1) Definition 1. z. We call the above series (s) a series of x-augmented inductive valuations and when b>a, Ub in the series is called an x-augmented valuation of U,. in broad sense and Ua an x-descended valuation of U,,.
An x-augmented valuation of a valuation V of K [x] in narrow sense is an x-augmented valuation of V in broad sense. So, hence in this paper whenever we say that W is an x-augmented valuation of V or write as "W> V'', it means that Wis an x-augmented valuation of Vin broad sense. Therefore, when W> V, W and V induce the same valuation in K and Wx=Ux. Now, let µ 1 be a real number. Then the function V10 defined as follows is an extended valuation of V00 to K[x];
is an x-key polynomial over V 10 , we define an xaugmented valuation V20 of V 10 using </ >2(x) in the same way as we defined U2 from U1 • Thus we obtain a series of x-augmented inductive valuations ;
In this case for every non-zero polynomial g (x)
Therefore V," 1 ,0 is called an augmented valuation of V.0 • If the above series lasts infinitively and if for every non-zero polynomial f(x) the sequence V10f(x), V20f(x), · · · does not tend to oo, then the limit valuation of this sequence is denoted by V=of(x). V=o is also a valuation of K[x].
Every discrete extended valuation of V00 to K[x] can be represented either as an x-augmented valuation or as a limit valuation. (M. Theorem 8. 1) All values Vkof(x) form a cyclic additive group I' ko for k = 0, 1, 2, · · · and µk+l = vkrl,O</>k+1(x) is always commensurable with I'ko in this paper, so there is a smallest positive integer r-
which is the x-key polynomial producing the valuation Vko• Then the polynomial f(x) can be an x-key polynomial with which we can produce an augmented valuation Vk+i,o of Vko, if and only if the three following conditions hold: 
And the natural homomorphism H1. of Sk on the residue class nng Ak has the following properties ;
and 
1):
There is a sequence of fields F1 =F0 , F2 , Fi;··,Fk, such that each field is an algebraic extension of its preceding field and such that for any t =I, 2 • • •, k, the V,0-residue class ring A,0 of series is said to be continuous from Vpo to V,0, t-p is called the :r-distancc between Vvo and V,0 and V))0 <VJ), 1 , 0 < · · · < V,0 is called a series of continuous 
i Then W can be represented either as the last member of a series of continuous x-augmented inductive valuations starting from V 10 or as a limit valuation of it.
Proof Suppose that V 10 < W. Consider then the set P of all those polynomials f(x) for which V 10 f(x)< Wf(x). Out of P pick up all those polynomials whose degrees are minimum and whose leading coefficients are 1.
Furthermore out of these polynomials choose a polynomial 92(x) so that W92 (x)-V10 92 (.,r) becomes minimum. Since both W and V10 are discrete . 1s a continuous x-augmented valuation of V10 of K [x] .
It was proved in M. Theorem 8. 1 that V20 is an x-augmented valuation of V 10 • Suppose that there were a valuation T such that V 10 < T < V20 ~ iv.
T appears in a series of .r-augmented inductive valuations which starts from V 10 and ends at W If t(x) is the x-key polynomial over V 10 of K[x] which produces T, it follows according to M. Theorem 6. 4
Then because of the quality of 92 (x), we have deg<p2(.r)~degt(x).
Sometimes we denote cleg,,t(x) briefly as degt(.r). Since V,0 is an x-augmented inductive valuation of T, we have By M. Lemma 6. 3 degt(x);;_deg<p2 (x)
Therefore
Wt(x)-V 10 t(:r)< W <p2 (x)-V 10 <j J2 (x) .
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This contradicts the above conditions imposed on <jJ2 (x), and thus V20 is a continuous x-augmented valuation of V10 • In case V20 < W, we can derive V30 from V20 in the same way as above, so that V30 is a continuous x-augmented valuation of 1/20 of K[x]. By continuing this method we can establish our theorem in the same way as in M. Theorem 8. 1.
Theorem 2. 5. The series of continuous x-augmented inductive valuations from V 10 to W or their limit valuation in Theorem 2. 4 is uniquely determined by iv and hence the x-distance between V10 and W is also uniquely determined.
Proof Consider two series of continuous x-augmented inductive valuations from V10 to W; ., Theorem 2. 6. If V10 < V20 < · · · < Vpo = iv is a series of continuous xaugmented inductive valuations and U is a descended valuation of W, then U coincides with one of V10 , V20 ,-• • V,,0 and x-distance between U and W is uniquely determined by U and W.
Proof According to Theorem 2. 4 one can build a series of continuous
x-augmented inductive valuations which goes through U; say U = V,;0 (O<a~q). By Theorem 2. 5 this is the same as Hence U must coincide with one of V10 , ···, V,,0 and :r-distance between U and TV is uniquely determined by U and iv.
Corollary 2. 7. If Wis an augmented valuation of U of K[x], then we can build a series of continuous x-augmented inductive valuations from U to W.
This corollary is self-evident from Theorem 2. 6. According to this lemma, we can shorten every series of continuous xaugmented inductive valuations.
Let be a series of continuous x-augmented inductive valuations and ¢k an x-key polynomial which produces V.., for k= l, 2, ···,P:
Vro¢v=f1p] · Definition 3. 1. Let W = [ Voo, V10 ¢ = /11, V20¢2 = /12, · · ·, VP¢,,= flv]. If deg¢2<dcg¢3 <···<deg¢ 1 ,, the series V10 <V20 <-··<V,, is called the shortest series of x-augmented inductive valuations from V10 to W.
When a series of continuous augmented inductive valuations of a valuation W is given, construction of the shortest series of augmented inductive valuations of W is very easy, as we have shown above.
Conversely when the shortest series of augmented inductive valuations of a valuation W is given, we consider the method to construct a series of continuous augmented inductive valuations of W.
Let the shortest series of augmented inductive valuations of W be given as follows;
Now we want to construct a series of continuous augmented valuations between V,, and Van as follows;
Let ¢11 , ¢1 , ¢2 , ···,<pb, 'Pn+i be respectively the x-key polynomials which produce V,,' U1' U2' ... ' ub' Va i l • Then according to M. Lemma 15. 1, the following relations hold. deg<fa,.<deg<j;1 = deg<f;2 = ··· = deg<j;b = deg<fa",1.
Put V,,<p,.=fl,,, U1<f;1=P1, U2<f;2=P2,···, Ub<j;b=P1, and Va 19a;1=µ,. 1(> V,,s,Ja+1l-If I',. is a set of all values that V,. takes in K[x], then I'" contains P1, P2···, P1, and V,,9,<+ 1 • For, V,11 1s,Jn+1> U,<j;.=P;, according to M. Lemma 6. 3 and ¢1 is a key polynomial which produces Ui, for i=l,2, ···,b, so V,,+ 1</J.= U,:<pi for each i, Let 9a+ 1=<p1 +Ci(x). Then degC1(x)<deg<f;i=degsba+1 so by the definition of Va+I Therefore, owing to the triangle law
Therefore a necessary and sufficient condition for that a series V,,< U1< U2< ... <Ub< v,,+I be a senes of continuous augmented inductive valuations 1s that the senes V<1s,Ja+1 <Pi <P2< ···<Pb< V,,+19aH is most dense in r,, except Va+1¢a l• Namely we pick up all those numbers m I'a that are between V,,¢a+1 and
Va+l</>a---t-1•
Such numbers exist, for I',, is a set of isolated points.
Let be an expansion of ¢,ni with respect to ¢,,, where V"¢~" belongs to 1'"_1, Then according to M. Lemma 9. 3, there exists a polynomial Gkr) such that and where Put V,.Gi(:r) = P.,
Then ¢1 1s a key polynomial over V,., .,:
¢" 11 is a key polynomial which produces V" 1 from V,,, so c/J1 can be a key polynomial over V,,, for deg¢1 = deg¢,, 1 • On the other hand, ¢1 produces U1 , then we may define U1 as follows. because If we put U1¢1 = V", 1¢1 = V" ,1(¢,n1-I: Gi) = P1 i then we can prove in the same way that ¢2 is a key polynomial over U1 and we may define U2 as U~¢2 = P,. Next we put ¢ 3 = cj12 + G2 (x), and so on.
Thus we can show that the series is a series of continuous augmented inductive valuations between V,, and V" q, § 4.
Valuations of IC(x, y)
Now we consider valuations of polynomial rings of two variables. A valuation of a ring R can be extended uniquely to its quotient field. (M. Thorem 2. 1)
We assume that a valuation W of a field K[x, y] is given, where x and y are algebrically independent with respect to K. Let Vvo is denoted briefly as Vv,,
. Then we can build in the same way a series of continuous y-augmented inductive valuations of K[y] such that Since V0,. is a valuation of a quotient field K(y)=Ky, we can obtain m the same way a series of continuous x-augmented inductive valuations of K, 1 
Then the function V 1 ,,q I defined as follows 1s called a y-augmented valuation of VJJ(l:
where ))q ,= V,,,q, 1<p" ,(y) is an arbitrary real number greater than Vv"</J",,(y). 
if then y actually appears in the polynomial 1 (x, Y).
Next we define a y-key polynomial ¢,,+z(Y) over Vv,, 1 
Wb is called a y-simply augmented valuation of Wa and W,, a y-simply descended valuation of wb.
Definition 5. 2. If W2 is a y-augmented valuation of W1 in K [x, y] but is not a y-simply augmented valuation of W1 , then W2 is called an xydoubly augmented valuation of W1 and W1 an xy-doubly descended valuation of 1½ and is denoted as xy W1<1½.
Namely when W2 is an xy-doubly augmented valuation of W1 , if 11/;f(x, y)> WJ(x, y), then both .r and y actually appear in the polynomial f(x, y). § 6. X•augmented valuations Next we want to build an x-augmented valuation of the valuation W given in § 4. In this case naturally we must use Vsr as W. Definition 6. 4. In the following series of augmented inductive ·valuations in K[x, y] U1 < U2 < · · · < U,< · · · < Uo < · · · ub is called an augmented valuation of u([ and U,, an descended valuation of ub. 
Hence it follows from M. Theorem 6. 5 that v;,J(x, y) = v:rf(x, y) = Wf(x, y).
Theorem 7. 2. If U is an :ry-doubly augmented valuation of a valuation Q of K[x, y] and W is an augmented valuation of U, then W, U and Q induce the same valuations both in K[x] and in K[y] and 1V is also an xy-doubly augmented valuation of U.
Proof. Since U is an x-augrnented valuation of Q and also a y-augmented Therefore they may be considered x-descended valuations of lV in KY[x] whose coefficient field KY has a valuation Vor. Hence owing to Theorem 2. 8 they are partially linearly ordered.
Theorem 7. 4. If U is an xy-doubly augmented valuation of a valuation Q of K [ x, y] and W is an augmented valuation of U, then there exists only one series of continuous xy-doubly augmented inductive valuations of K[x, y] from Q to W through U and the x-distance between U and Wis equal to the y-distance between U and W.
Proof. Since W, U and Q induce the same valuation Vor in KY and Wx== Ux= Qx, we can build according to Corollary 2. 7 a series of continuous Therefore both the series (1) and (2) coincide. Since U appears in the series, the x-distance between U and W is equal to the y-distance between U and W.
We shall later show that a set of all simply descended valuations of a valuation of K[x, y] is not always partially linearly ordered. § 8.
Series of augmented inductive valuations in K[x, y]
The following theorem can be proved in the same way as M. Theorem 3. 1. where v1 = Vuy= Wy. Now we want to build a senes of augmented inductive valuations of K[x, y] from V11 to 1V. Proof. Owing to Theorem 8. 1 it is evident that each V,1 is an :,c-simply augmented valuation of V11 for t= 1, 2, · · ·,P. Assume that the series (1) 
Theorem 8. 3. If a valuation W of K [x, y] induces zn K[x] a series of continuous x-augmented inductive valuations
In this senes, according to Theorem 7. 2, there must exist a valuation V,)( 1 such that the subseries between V/)1 and V 1 , 1 is a series of continuous y-simply augmented inductive valuations and the subseries between Vvq and W is a series of continuous .:.ry-doubly augmented inductive valuations. § 9. Last simply augmented valuation Namely, the beginning part of this series between V11 and V1q is a senes of continuous y-simply augmented inductive valuations of K [ x, y], the middle part of the series between V1q and Vvq is a series of continuous x-simply augmented inductive valuations of K [ x, y] and the last part of the series between Vpq and W is a series of continuous xy-doubly augmented inductive valuations.
Thus we can build the two different series of augmented inductive valuations from Vu to W. We shall however show in Part 2 that we can build many other series of continuous augmented inductive valuations which connect Vu and W.
Theorem 9. 1 
. Let W be a valuation of K[x, y] and Vu a valuation of K [ x, y] defined in § B. Then in every series of continuous augmented inductive valuations which begins at Vu and comes to end at W, there appears a valuation U such that the beginning part of the series between V11 and U is a series of continuous simply augmented inductive ·ualuations of K [ x, y] and the last part of the series between U and W is a series of continuous xy-doubly augmented inductive valuations of K[x, y]; and such a valuation U is determined uniquely by W
Definition 9. 2. The valuation U in Theorem 9. 1 is called the last simply augmented valuation of W.
Proof of Theorem 9. 1. We prove first the uniqueness. Let the following senes be as in our Theorem ; s s xi, xy
( 3 )
V11<···<U<-··<W.
By connecting the senes (1) in Theorem 8. 3 with the other series (2) m §8, we obtain the following series ; ( 4) Vu< V21< ... < Vv1< V"z< ··· < Vpq< Vp,q+1< ··· < Vp, = W.
Namely, Wis an .Ty-doubly augmented valuation of Vp,,, so Wand VJ)" induce the same valuation Vpo in the ring K[x] and W is also an xy-doubly augmented valuation of U. Hence W, U and V 1 ,,, induce the same valuation Vpo in the field Kx-Besides Wy = Uy = Vpqy.
Therefore according to Theorem 2. 6, U must coincide with one of valuations in the series (4) between V 1, 1 and W. Assume that U~ Vpr,· Then the part of the series (4) between Vvq and U is a series of continuous simply augmented inductive valuations of K[x, y] due to its construction, while the part of the series (4) between Vvq and U is simultaneously a series of continuous xy-doubly augmented inductive valuations of K[x, y] according to the construction of the other series. This is, however, impossible, so that we have U= V 1 ,, 1 • Therefore the last simply augmented valuation of W is determined uniquely by 1V and it is independent of choice of the series.
According to Theorem 7. 4 there is only one series of continuous xydoubly augmented inductive valuations which connects W with its last simply augmented valuation Vp, 1 - The proof of the existence of a series of continuous simply augmented inductive valuations binding V11 and V 1 " 1 and the method to construct the series is not so simple. We shall show them in Part 2 of this paper, together with other topics, such as key-polynomials of simply augmented valuations and those of xy-doubly augmented valuations, residue class rings of a valua- The residue class field F0 of K with respect to V00 is a Galois field which consists of only three elements 1, 0 and -1.
A valuation V 10 of K[x] is defined as follows, for any polynomial is the residue class of y, and Y and X are variables algebrically independent with respect to F0 • The class Hll(y 2 +l)=(H11 y)2+Hlll= Y2+1. Y2+1 is an irreducible polynomial in F0 [Y] and also is irreducible in 0Fx [Y] . Therefore y 2 +l is equivalence irreducible over Vil in K, [y] clue to M. Lemma 11. 2.
Besides, y 2 + 1 satisfies all the conditions for a y-key polynomial over Vil (M. Theorem 9. 4J. So y 2 + 1 is a y-key polynomial over Vil in K, [y] . Any polynomial f(x, y) can be expressed as f(.T, y) = L.h(X, y) (y' + lJi l where the degree of each h (x, y l with respect to y is less than that of y 2 + 1 for i = 0, 1, 2, •··. We describe it briefly as deg,1h (x, y) < deg, 1 (y 2 + 1), i = 0, 1, 2, · · ·. Then the function defined as follows is an augmented valuation of Vil in the ring K[x, y];
where Vi2 (y 2 +l)~ 1> V11(y 2 +l).
V12 is a y-simply augmented valuation of Vil. Vi2 induces m the rmg where Then V20 is defined as follows ; Among such polynomials f(y), we take a polynomial </>(y) whose degree 1s minimum and whose leading coefficient is l. Then <j)(y) is a y-key polynomial over V02 and V22¢(yJ> Vo2¢(y).
(lJ Let ¢(y)=(y 2 +l)"'+(ay+bJ(y 2 +l)"' 1 +-··+(cy+d).
Then owing to M. Theorem 9. 4, Voz</J(y) = Vo2(y 2 + l)"' = m = Vdcy +d);;;; Voz(ay +b)(y 2 + 1)"'- Thus W23 is an xy-doubly augmented valuation of Vz2. Furthermore,
where vll x-simply aug. V21 y-simply aug. V22 xy-doubly aug. Wz3.
So V22 is the last simply augmented valuation of W23.
Remark l.
Let V10 and V20 = [ V10 , V20 (x 2 + 1) = 1] be the two valuations of K [x] defined m Example 10. 4. V10((x2+ l)-(x 2 -2)) = Voo3 = l>O = V10 (x 2 + 1) so x 2 +1,....,x 2 -2 in V 10 and degx(x 2 +l)=degx(x 2 -2).
73 Then x 2 -2 can be an x-key polynomial over V10 and the function V26= [V10 , V2 6(x-2) = l] is also an x-augmented valuation of V10 and V26= V20 owing to M. Theorem 15. 3.
V~(x2-2) = 1 = V263.
Then x2 + 1 = (.x2-2) + 3 can be an x-key polynomial over V2 6 by M. Corollary 1:3. 2. and the function V~ defined as follows in an x-augmented valuation of V2';,:
because
v36(x 2 + 1) > V26(x 2 + 1).
But V{, cannot be an x-augmented valuation of V20• For, even if we build forcibly a function V30 as follows :
V 30 = [Vio, V3o(x 2 + 1) = 2] = [voo, V10X=0, V20(x2+ 1) = 1, V3o(x+ 1) = 2 ], it follows that the polynomial x 2 + 1 is used in V30 twice as an x-key polynomial. But this breaks the condition (5) for x-key polynomials in § 1.
Namely V~ is an x-augmented valuation of Vi6 and V20 = V2t but in spite of it, V~ is not an x-augmented valuation of V20 • In this case we adopt another method of definition. When valuations T 1 , T 2 , ••• of K[x, y] are equal to each other, we consider that T 1 , T 2 , • • • induce in K [ x, y] the same valuation iv which is defined abstractly as a function satisfying only the three conditions of a valuation in § 1 and we regard each 1~ as an expression of W, namely, a concrete representation of W and if a valuation U is an augmented valuation of one T,, then we call U an augmented valuation of W. In this paper we adopt this method of definition like Wat the end of §4. Following this method of definition, the above valuation V~ is an x-augmented valuation of the valuation whose expressions are Vi6 and V20 • Remark 2.
Let U and V be two valuations of K[x] and U ~ V. If for every polynomial f(x) in K[x] Uf(x) 2; Vf(x), then U is called to be greater than V.
Owing to M. Theorem 5. 1. an x-augmented valuation W of a valuation Q in K[x] is greater than Q. But even if U is a valuation greater than a valuation V in K [ x], U is not always an x-augmented valuation of V.
The following is an example of this case.
Let be V10 and V20 = [ V10 , V20 (x2 + 1) = 1] the two valuations of K [ x]
defined in Example 10. 4. x 2 + 1 is an .:r-key polynomial over V10 and V10 (x 2 +1)=0. Then the function V*= [v1 0, V*(x2+1)=-}] is also an xaugmented valuation of V10 , and according to their definitions it is evident that Vio is greater than V*.
But V20 cannot be an x-augmented valuation of V*. Because, if V20
is an x-augmented valuation of V*, then a set I'2 of all values that Vio takes In this paper when we write as "Ug(x)> Vf x)", it means that a value of the polynomial g (x) by a valuation U is greater than a value of f(x) by V. But when we write as "W>Q", it means that Wis an augmented valuation of Q and it does not mean that the valuation W is greater than the valuation Q.
